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Joint Distributions for Total Progeny in a 

Critical Branching Process 

bv Howard J. Weiner 

I.  Introduction.  Let 

(1.1) Z(t) denote the number of cells alive at time  t  in a critical 

age-dependent branching process ([l]s Ch. 4) as follows.  At time t=0, a 

new cell starts the process and has random lifetime with continuous distribution 

function 

(1.2) 0 < G(t) < 1,  G(0+) = 0. 

Assume 

(1.3) t2(l-G(t)) - 0  as t-' 

and denote 

(1.4) 0 < |i =   \   tdG(t). 

At the end of its life the cell is replaced by k  new cells with 

probability p, .  Define 

(1.5) h(s) = Ep s . 

Assume, for some e > Qs 

(1.6) h(l +e) < «. 

* University of California at Davis. 
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This allows for differentiation of h(s), 0 <  s < 1, under the summation 

sign, and also implies that 

(1.7) Ekp. < °° for all n > 1. 
k=l 

The basic assumption of criticality is that 

(1.8) m = E k p, = 1 . 
k=l 

Each new cell proceeds as the. parent cell, independent of the past and 

of other cells. 

Let 

(1.9)    N(t) denote the number of total progeny born by  t  in a critical 

age-dependent branching process satisfying (1.1) - (1.8). 

It is the purpose of this note to obtain a limit theorem for the joint 

2 2 
distribution of N(at)/t and N(t)/t given Z(t) > 0S where 0 < a <  19 and to 

indicate an extension.  The method involves comparison with a corresponding 

Galton-Watson process and fractional linear generating function for number of 

offspring so that iterates may be explicitly computed. 

II.  Iterations and Approximations. 

Definitions 

(2.1) F(s1,s2,t0,t1) - E 
r N(t )   N(t+t ) 

(2.2)     H(s],s2,t(J,t1) HE 
- N(tQ)  N(t0+t1)-! 

Sl    S2 



By the law of total probability, 

r *fc0 
(2.3)    F(s1,s2,t0,t1) = s1s2 

f 
j  h(F(s1,s2,t0-u,t1))dG(u) 

t +t 
0 1 

+ J    h(F(l5s2:)05t0+t]L-u))dG(u) 

and 

F(s15s2S090) = 0 

r- ft 

(2.4)     H(s15s2St09tl) = Sls2 J °h(H(slss2St()-ust1))dG(u) 

t0+tl 
a U   J. 

+ Jt   h(H(l,s2,0,t0+t1-u))dG(u) +1 -G(t0+t1) 

Definitions 

(2.5) F(s,t) =  E(s k ;; Z(t)=0), 

(2.6) H(s,t) = E(sN(t)) 

Then 

(2.7) 
»t 

F(s,t) = s  h(F(s,t-u))dG(u) 
Jj0 

F(s50) = 0 

and 

(2.8)       H(s,t) = s   1 - G(t) +  h(H(s,t-u))dG(u) 



Define the iterative schemes 

r
fco 

(2 = 9) Wl'W'l*  = SiS2  J0 h(Fn(s1,B2it(J-uit1))dG(u) 

fco+ti 
+ s!s2  Jt h(F(lJs2,0,t0+t1-u))dG(u) 

with 

(2.10) F0(siss2,t(),t1)   =    F(s1s2Jt1)  = F(l,s1s2>0,t1), 

and 

r
co 

(2.11) Hn+1(s1)S2,t0,tl)   = slS2   Jw h(Hn(s1Js2,t0-ust1))dG(u) 

fco+ti re   U J- 

+ S;Ls2  J h(H(l,s2,0,t0+t1-u))d©(u) 
fco 

+ Sls2(l -GO^+t^)), 

with 

(2.12) H0(s1,s2,t0,t1)   =  s1H(s2,t1)   s H(slss2J05t1) 

-t 
(2.13) Dn+1(Sjt)   -  sj  h(Dn(s,t-u))dG(u) 

0 
with 

(2.14) DQ(s,t)  - 0 

»t 
(2.15) Cn+1(s,t)  - s       l-G(t)  + J  h(C   (s,t-u))dG(u) 

with 

(2.16) CQ(s,t)  =  s 



(2-17)   Kn+l
(8l's2) = SlS2h(Kn(sl's2))G(t0) + 1 " G(t0) 

with 

(2.18)    K0(S;LJs2) = s1F(s2>t1)+l-G(t0) 

(2.19) Jn+1(srs2) = Sls2h(Jn(s15S2)) 

with 

(2.20) J0(s1,s2) - SlH(s2,tl) = F(s1,s2,0,t1) 

(2.21)   Ln+1(s) = sh(L (s)) 

with 

(2.22)   L0(s) = 0 

(2.23)   \+1(s) = sh(Rn(s)) 

with 

(2.24)   RQ(s) = s. 

Denote 

(2.25) G(n)(t) 

to be the n-th convolution of G evaluated at t, 

Lemma 1. 

(2.26)   0 < F(s,t) - D (s,t) < G(n)(t) 

(2.27)    0 < Ln(s) - Dn(s,t) < 1 -G
(n)(t) 

(2.28)   0 < Cn(s,t) - H(s,t) < G(n)(t) 



(2.29)   0 < C (s,t) - R (s) < 1 -G(n)(t) 
- n       n   — 

(2.30)   0 < Hn(s1,s2,t(),t1) - H(s1,s2,t(),t1) < G
(n)(tQ) 

(2.31)   0 < Hn(s1,s2,t0>t1) - Jn(s1,s2) <1-G
(n)(t0) 

(2.32)   0 < F(s1,s2,t0,t1) - Fn(s1,s2,t0,t1) < G
(n)(tQ) 

(2.33)   0 < Kn(8l,s2) - Fn(s1,s2,t0,t1) < l-G
(n+1)(t0) 

Proof.  Only (2.32) and (2.33) will be explicitly proved.  The other results 

are similar or simpler. 

For (2.32), let n = 0.  Then, assuming t > t 

N(t   )     N(t  +t  ) 
(2.34) F(s1,s2,t0,t1)   HE(S]L s2     u ;   Z(tQ+t1)-0) 

Z(tl) 

N(t  )     N(t  )       I    Ni(t) 

>E(Sl    
U     s2     L     B2 ;   Z(t1)=0) 

N(tx) 
>E((Sls2) ;   Z(tx)=0)   H F(J(s1,s2,t0,t1), 

since path considerations yield that 

z<tl) 

(2.35) N(tQ+t1) > N(tx) +  S Ni(t0), 
i=l 

where {N.(t_)} are I.I.D. as N(tft) and independent of the (Z(t-),N(t-)) process. 



Similarly, if tn > t 0 "   *"1! 

S8) 

Z(tQ) 

N(t0)    N(t0)   f=l W 
(2.35") F(s1,s2,t0,t1)  > E(S]L     "     s2     "     s^ ;Z(tQ)=0) 

N(t   ) 
E((Sls2)       "   ;  Z(t0)=0) > E 

N(t   ) 
(Sls2)      U   ;  Z(t x»-] 

N(tx) 
(Sls2)      x  ; Z(t1)=0 

By  induction,   as 

(2.36) 

and 

(2.37) 

0 < F-FQ < 1  = G(0)(t0) 

,fco 
0 < F -F,   = S1S2 

(h(F) -h(F0))dG < J     (F-FQ)dG < G(tQ) 

if it is assumed that 

(2.38) 0 < F -F    < G(n)(tQ), 

then 

(2.39) 0 <F-Fn+1 =  s ̂ 2  J(h(F) -h(Fn|dG < J (F-F)dG < G(n+1)(t()) 

proving   (2.32). 

To  show  (2.33),   for n = 0, 

(2.40) K0-FQ = SlE 
N(t  ) 

S2 ;  Z(tl)=0 

N(t  ) 
(s^) ;   Z(t1)=0 + l-G(tQ) 
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and hence 

(2,41) 0 < K0-F0 < l-G(tQ). 

Also,   for n = 1. 

(2.42) 0 < K. -F.   =  s.s. 
—    1       1 12 

h(KQ) -h(FQ)dG(u)  + l-G(tQ) 

S1S2 

t +t 
. 0     1 

h(F)dG(u) 

and 

'0 .(2) (2.43) K1-F1<J     (l-G(tQ-u)dG(u)  + 1 - G(tQ)   =  1 -Gvw(tQ), 

By  induction,   assume   (2.33)   for    n.     Then 

(2.44) 0 < Kn+1 -Fn+1 < J     (h(Kn) -h(Fn))dG + 1 - G(t()) 

K    4.1    "F    XI     < n+1       n+1 — J_       n      n 0 

"0 
(K. ~F_)dG + 1 -G(t   ) 

P
t0 

< (l-G(n)(t0-u))dG(u)   + l-G(tQ) l-G(n+1)(t0), 

completing (2.33). 

Lemma 2.  Let h1(s), h„(s) satisfy (1.5) - (1.8) and assume 

(2.45) a*  =^"(1) < h2"(l) = a2
2 



Then there exists an 0 < s_ < 19 and an integer M > 0 such that for 

s,  > s_,   s.  > s_  and all  n > m > M, 
10       2 0 

(2.46) 
N N N N 

E1(s1       s2     )  <E2(Sl       s2     ) 

and 

N   N N   N 
(2.47) E1(s1 

m s2 
n; ZR = 0) < E^ m s2 

n; Zn = 0) 

where N . N , Z are from G-W processes governed by h,(s) and h„(s). respectively, 
mnn 1        2 

Proof. As n > m -*  ro9 for h. (s), i = 1,2 

(2.48) E. 
i 

N   N - 
m n 

Sl  S2 
-* E. (Sls2) 

N 

and 

N   N 
(2.49)    E.(Sl

ms2
n; Zn = 0)-.E. (Sls2)

N; Z = Q - E.(Sls2) 
N 

where N, Z are bona-fide r.v.s. and 

(2.50) P[Z = 0] = 1 

for the critical case. 

To prove the lemma3 it therefore suffices to show that there exists 

an 1 > s_ > 0 such that for s > s... 
0 0 

(2.51) 
N        N 

Ex(s 
n) <E2(s 

n). 



This proof, due to N. Knueppel, will now be given, 

A Taylor expansion of p. 22 of [1] shows that for s > s. > 0, 

(2.52) h^s) < h2(s), 

Since 

N 
(2.53) E.(s n) ^E^s^,  1=1,2, 

for s > s, 
0 

(2.54) Ei(s
N) > sv 

For n = 1 and s > s > s , 

Nl (2.55) Es  = sht(s) < sh„(s), 

Assume that for s > sAS u 

N        N 
(2.56) s± < E1(s 

n) < E2(s 
n) 

Then for s > s_. 
0 

N N N 
(2.57)        E1(s 

nL)  = sh1(E1<s 
n)) < sh2(E1(s 

n)) 

< sh2(E2(s 
n)) = E2(s 

n+1), 

completing the proof of lemma 2. 
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Define the iterations 

N   N 
m   n (2.58)   T(s1,s2Jm,n) = E^ m s2 

n; Zn = 0) 

with 

N 
n-m 

(2-59)   T(s15s2,0,n-m) - SlE(s2 " »; Z^ - 0) = s^^Cs,), 

(2.60)    U(srs2,m,n) = 
N   N -! 
m   n 

Sl  S2 

with 

(2.61)   U(s1,s2,0,n-m) = s.E 
r  N n-m 

= SlRn-m(s2>' 

where ZR, Nm> NR are from a critical G-W process with h"(l) = a
2 

Lemma 3. 

(2.62)   F(slss2,tostl) - H(s1,s2,t(J,t1) 

(r) < T(s1,s2,n,r+n) - U^^ ,n,r-+n) + 2GV '(t^) 

+ 2G(n)(t0) + 1- (G(t0))
n+1, 

and 

(2.63)   F(s1,s2,t0,t1) - H(s1,s2,t0,t1) 

(r) > T(s15s2,n,r-hi) - U(s15s2 ,n,r+n) - 2 (1 - GK   J (t^)) 

-  2(l-G(n)(tQ)). 

11 



Proof.  From (2.30) - (2.33), 

(2.64)   Kn- Jn-2(l-G
(n)(tQ)) < F(s1,s2,t0,t1) - H(slfs2 ,tQ,t1) 

< 2G(n)(t_) + K - J . 
—       0    n  n 

From (2.26) to (2.29), for any r > 1. 

(2.65)   s1(Lr(B2) - (1-G
(r)(t))) + 1-G(t0) <K0(Sl,s2) 

< Sl(Lr(s2) + G
(r)(t)) + 1 -G(t0), 

and 

(2.66)   s1(Rr(s2) -G
(r)(t)) < J0(S]L,s2) < s1(Rr(s2) +1-G

(r)(t)) 

For a critical generating function h, note that for a > 0, b > 0, 

a +b < 1, the mean value theorem yields that 

(2.67) h(a-fb) < h(a) +.b 

h(a)-b < h(a-b). 

Note that 

(2.68) T(s1,s2,m+l,n+l)  = s1s2h(T(s]L5 s2 ,m,n)) 

(2.69) 0(8^^,82^+1^+1)  = s1s2h(U(s. ,s2,m,n)). 

12 



Then (2,58) - (2.61), (2.64) - (2,69) together with (2.17) - (2o20) 

upon successive application of (2.67) yield;, for r > 1, 

(2.70)   K1 = slS2h(K0)G(t0) + l-G(t0) 

< Sls2G(t0)h(SlLr(s2)) + 1- (G(t0))
2 + G(r)(t)s 

or 

KL < T(s1,s2,l,r+1) + G
(r)(t) + 1 - (G(tQ))

2 

,(r) 
(2.71)   K, > s,s0G(tn)h(SlL.(s0) - Q-G

w(t))) +1-G(tn), 

from which it follows that 

(2.72)   K^ > T(Sl,s2,l,r+l) - (1 - G(r) (t^s^ 

(2.73)   Y^  = s1s2h(K1)G(t()) + 1 - G(tQ) 

< s]s2G(t())h(T(s1,s2,l,r+l)) + G
(r)(t) + 1 - (G(t0))

3. 

or 

(2.74)   ¥^ <  T(S;L,s2925r+2) + G
(r)(t) + 1 - (G(tQ))

3. 

From (2.72). 

(2.75)   ^ > s1s2h(K1) > s1s2h(T(s1,s2,l,r+l)) - (s1s2)
2(1 - G(r)(t)) 

13 



or 

(2.76) 1^ > T(s15s2S25r+2) - (Sls2)
2(l -G(r)(t)), 

By inductions assume that 

(2.77)   K < T(s15s.,n,r+n) + G
(r)(t) + 1 - (G(tn))

n+1 

n     L •   £. u 

and 

(2.78)   Kn > T(slss2,n,r+n) - (Sls2)
n(l -G(r)(t)). 

Then 

(2.79)   Kn+1 = Sls2G(t0)h(Kn) + 1 -G(tQ) 

< S;Ls2h(T(slss2Snsr+n)) + G
(r)(t) + 1- (G(tQ))

n+2 

or 

(2.80)   Kn+1 < T(s1,s2,n+l,r4ti+l) + G
(r)(t) + 1 - (G(tQ))

n+2
5 

completing the induction started by (2.77). 

In the other direction, using (2.78)s 

(2.81)   Kn+1 > Sls2h(Kn) > s1s2h(T(s1,s2,n,r+n)) - (s^)
1^! - G(r) (t)) 

Ik 



or 

(2.82) Kn+1 > T(s15s2Sn+lsr+n) - (s^)*4^! - G(r) (t)); 

completing the  induction started by   (2.78). 

A  similar  argument  to that of   (2.70) - (2.82)  yields 

(2.83) U(s     s2,n,r+n) - G(r)(t) < JR < U(s15s2 9n,r-hi) + 1 - G(r)(t). 

Hence   (2.64),   (2.77),   (2.78),   (2.83)  yield 

(2.84) F(s1,s2,tQ,t1) -H(s1,s2,t0,t1) > T(siss2 5n3r+n) - UCs^Sj ,n,r+n) 

-  2(1 -G(r)(t)) -2(1 -G(n)(tQ)) 

and, omitting the same arguments as in (2.84) 

(2.85)   F -H < T- U + 2G(r)(t) +1- (G(t0))
n+1 + 2G(n)(tQ) 

Now set t = t. .  This completes lemma 3. 
i 

Let 

(2.86)   h0(s,a
2) 5°*+<2-°*)s 

a  (l-s)+2 

Let 

(2.87)   U0(s15s2,m,n) 

and 

T0(s]L,s2,m,n) 

15 



denote the respective quantities U, T obtained for h_ of (2.86). 

Lemma 4.  For the critical generating function (2.86), it follows that 

(2.88) lim (~-)(U(e 
jl -«* CO 

2       2 
L/n   -9„/n 

1       1 
na, n(l-a)J-T (e 

2      2 
0, /n  ~9„/n 

na,n(l-a))) 

lim E 
£^ —* CO n     ' 

y^ao^ce^) 

(vCJ +v/e^^)
2sinh{cV^(ei^+(l-a)i2a92} 

+ (j9~+0^ - J9~)2sinh{ a-a)J2c2Q2  - aj2^20y^} 

+ 291sinh{(l-a)v/2a-
292} 

where N_   is the total progeny and number alive, respectively, in a critical 

2 
G-W process at generation m with offspring generating function h_(s,o~ ). 

Proof.  The proof follows the method of Lindvall ([2] pp. 318-319). 

For 0 < m < n, with N_ , N_ , Z,.  from a critical G-W process with 9      Our  On'  On 

offspring generating function hn(ssa ), one may write u 

Nn    Kn    Zn 
(2.89)   E(Sl 

0m s2 
0n s3 

0n) =E 

r N. K/^_  / ^-i   0,n-m,x .   v Om _, I    i=l 
(s s2)   Els s3 

i=l    Osn~m9i 

where {N_    .} are I.I.D. as N_   , the {Zn .3 are I.I.D. as Z_   , 
0,n-m,i 0,n-nr      0,n-m,i 0,n-m 

and both sets of r.v.s. are independent of the (Z  ,N  ) part of the process, 

and N„    . and Z„     . are independent for i / j. with Nn    . and 
0,n-m,i     0,n-m,j        r -"      0,n-m,x 

Zn .    from the same critical G~W process.  Hence 
0,n-m,x 

16 



N0m  N0   Z0 
(2.90)   E(Sl 

m s2  
n s3 

n)  =hm(slS2,hn_m(s2,s3)) 

where 

NOr  Z0r 
(2.91)   hr(s15s2) =E(Sl 

U  s2 
ur). 

2 
To express h (s.,s?) in terms of hn(s) = hn(s,cr ) and its iterates, 

note that 

(2.92)   h1(s1,s2) = s1hQ(s;Ls2) 

and Z0r       Zor 

N0,r+1  Z0,r+1,  „ r„, i-i*01»1  i=lZ°r'^ (2.93)   hrfl(S;l,s2) =E(S;L "'   s2 "'  
x) = E E(six S2X        Kl} 

where N~  . and Z.  . are from the same process, and N„ . and Z. . are 
0r,i     0r,i p     '     Orj     Ori 

independent for i ^j, and the [N  .} are I.I.D. as N  , and {z  ,} are I.I.D. 
U2TX UX" U3-"l 

3.S £— . 
Or 

Hence 

(2.94)   hr+l*
Sl,S2* = slh0(hr(sl'S2))' 

A tedious but straight-forward induction using (2.90) yields that 

P  (s ) + s P    (s ) 
(2  95^   h (s     s ) =  1'tl ± f 2,n+l 1_ (2.95)   bh(.1..2)       ^ +     ^ 

where P. , denote the n-th degree polynomials to be determined.  Relation 

(2.95) yields 

17 



(2.96) (a)  P1>n+1(s)  =  spP3jn^1(s)   -   (2p-l)sP       (s) 

(b>    ?,    n+nM    *    SpP,        (s)    -     (2p-l)sP-    __(B) 

^   P3,n<S>  = P3,n-l<S>   "  PPlfn<B> 

^  P4,n+l<S>  = P4^S)   "PP25n+l(s) 

From the theory of difference equations one may solve pairs (2.96) 

(a) and (c) and pair (2.96) (b) and (d) and from initial conditions obtained 

from explicit formulas for h1(s1,s„) and h?(s-9s„) one substitutes a solution 

(2.97)   P.  = k.rn,     1 < i < 4 
in   l      —  — 

to obtain 

(2.98)   fin = A0.r;+V2
n,  l<i<4 

where {A-.}, [A.-.], r , r_ are explicitly determined. 

Writing na instead of [na], which will not affect a limit, it follows that 

(2.99) lim   E 
n-.oo 

exP{4(01No>na+G2NOn)}jZOn>o] 

-9  /n -{3 +9 )/n "V11*   -(9.+90)/n~ 
hna(hn(l-a)(1'e >>e *" > " hnA(l-a) (°'£ l>* > =    Um      n«    n(l-q)vx'c ^ '       nqv  n(l-g) 

1 -h   (1,0) n     s 

18 



A tedious but straightforward computation using (2 „95),, (2.98) in (2.99) 

yields the result of lemma 4, 

Let 

(2.100) ^: = (/ 
q 

where 0 < p < 1 and q = 1 - p. 

For 0 < e « p5 denote 

(2.101) P2 = p + e 

qx = 1 - px 

and 

(2.102) p2 = p - 8(B) 

q2 = i - P2 

where 

(2.103) p1q] = p2q2 . 

Denote 

(2.104) a.2 - 2p./q. ,  i = l,2. 

Corollary.  For 1 < i, j < 2, i^j, and 0 < e < e « p, and 0 < a < 1, 

and if (2.100) - (2.103) hold, then 

        -Gj/n  -e2/n 2 
(2.105) lim n|U (e  '  5e     3na,n(l-a)sa. ) 

2      2 
-Q^n       -%2/n 2 

- T (e     se     ,nafn(l-a),cr. )J <C 
u j 

where  C < ro is a positive constant. 
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Proof.  This is a. straightforward if tedious computation of LLj T  using 

the method of difference equations of the previous lemma, noting that from 

(2.103), the constant term in the expansion of U_ -T cancels out, leaving 

terms of order — and lower in n. 
n 

Theorem,     Under  the  assumptions   (1.1)   to   (1.8) 

(2/106) lim   E 
t -* °° 

exp { -~-|- ( 91N(at) +Q2N(t)) |z(t)  > o} 

\jlu2%2 ( 9f 

(- ,, ) C/e2 +/I~+62)
2sinh{ 

a/2a2(91+92) + (l-a)/2cT2e2 

+  C/6^2 -fQ2)   sinh{ 

(1 

(l-a)/2a202   - aJ2a2 (Q^p 
•} 

+ 29 sinh {- 
-a),/2CT202    ~i"' 

•) 

Proof.     From lemma 3,   let,   for 0 < e < e    « p,  where  0"    = —  , 

t,(l+0 
(2.107)        (a)     r i-PTl 

(b)    r. [^] 
(c)     nx 

~ t0(l+e) 

] 
W     n2 

r tn<1-> 

Then by lemma 3 and the lemma 3 of Ch. 4 of [1], pp. .1^8""^°®j 
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(2.108)  F(s1>s2,t0,t1) - H(s1,s2,t(),t1) 

< T(s1,s2,n1,r1+n1) ~ U(S;L,E2 .n^r-j+r^) + o(tQ ) + o(t] ) 

and 

(2.109)  F(s1,s2,t0,t1) - H(s1,s2,t0,t1) 

> T(s19s25n2Sr2+n2) - Ufs^s^n^n^) + oCt^
1) + o^ ), 

Now,, using lemma 2 in (2 „108), (2.109) yields, with assumptions 

(2,100) - (2.104), for r., n, sufficiently large, i = ls2, and e < e « p, 

(2.110)  F(s1,s2,t(),t1) - H(s1,s2,t0,t]) 

2 2-1-1 
-T0^IjS2'nl,rl'hll'ai ^ " Ü0(sl'S2'nl'rl+nl'CT2 * + o(to   +tl ^ 

and 

(2.111)  F(s1,s2,t{)5t1) - H(s1,s2,t(),t1) 

2 2-1-1 
- T0(sl,S2'n2»r2+n2,O2   ^ " Lio(sl5S2sn2sr2+n2sG'l   "}  + o(t0   +t"l  ^ 

where 

2 2 2 (2.112) a3     >a    > o^ 

and 

(2.113) o±
2  = 2Pi/q.,        i = l,2 

with 

(2.114) pt   «p + e^   as in  (2.101)   -   (2.103) 
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Now. set 3 for 0 < ce < 1, 

(2.115)   (a) t « nu 

(b)  tQ = na\i 

(c) t1 - n(l-a)|i 

(d) s3   = e              , 
~9?/n

2 

s.   = e 

Multiply (2,110) and (2,111) by n.- 

Then let e~*G,; then n-»
00, noting that by the corollary, these limits 

may be interchanged«       .     .  . . 

2 Since,   for fixed-ff    > 0, 

(2.116)       E       exp { ~\ ( 9]_N(at) + G2N(t)) |Z(t) > O] I 

-e /t2     -9 /t2 -9 /t2   -e /t2 

= H(e     _        ,   e ,qt,(l~«)t)   - F(e ,e. .gt, (l-cr)t) 

P[Z(t)  > 0] 

and by  [1],  Ch»   43 

(2.117) lim   tP[Z(t)>0]   -2^-} 
t -* °°        .a" 

then lemma 4 and the corollary together with (2.116), (2,117) and the substitution 

2 
of 9„/|J.  for 6., i = l92, then yields the result of the theorem. 
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